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Abstract. In this paper, we study CAT(O) spaces with non- 
locahy connected boundary. We give some condition of a CAT(O) 
space whose boundary is not locally connected. 



1. Introduction and preliminaries 

In this paper, we study proper CAT(O) spaces with non-locally con- 
nected boundary. A metric space X is said to be proper if every closed 
metric ball is compact. Definitions and basic properties of CAT(O) 
spaces and their boundaries are found in PP. 

Let A be a proper CAT(O) space and let 7 be an isometry of X. The 
translation length of 7 is the number I7I := inf 7a;) | x G A}, and 
the minimal set of 7 is defined as Min(7) = {x G A | d{x^^x) = \'~f\}. 
An isometry 7 of A is said to be hyperbolic, if Min(7) 7^ and I7I > 
(cf. p]). For a hyperbolic isometry 7 of a proper CAT(O) space A, 7°° 
is the limit point of the boundary dX to which the sequence {7*^0 }« 
converges, where Xq is a point of A. 

In this paper, we define a reflection of a geodesic space as follows: 
An isometry r of a geodesic space A is called a reflection of A, if 

(1) is the identity of A, 

(2) X \ Fr has exactly two convex connected components A^ and 
A~ and 

(3) rA+ = X-, 

where Fr is the fixed-points set of r. We note that "refiections" in this 
paper need not satisfy the condition (4) Int F,. = in 

A CAT(O) space A is said to be almost extendible, if there exists a 
constant M > such that for each pair of points x, y G A, there is a 
geodesic ray C : [0, 00) — > A such that ({0) = x and ( passes within M 
of y. In [8j, Ontaneda has proved that a CAT(O) space on which some 
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group acts geometrically (i.e. properly and cocompactly by isometries) 
is almost extendible. 

In j3] and [0], Mihalik, Ruane and Tschantz have proved some nice 
results about CAT(O) groups with (no n-) locally connected boundary. 

The purpose of this paper is to prove the following theorem. 

Theorem 1.1. Let X be a proper and almost extendible CAT(O) space, 
let ^ be a hyperbolic isometry of X and let r be a reflection of X. If 

(1) 7- ^ dF,, 

(2) 7(9F,.) C dFr and 

(3) Min(7) n Fr = 0, 

then the boundary dX of X is not locally connected. 

2. Topology of the boundary of a CAT(O) space 

In this section, we recall topology of the boundary of a CAT(O) space. 

Let X be a proper CAT(O) space and Xq G X. The boundary of X 
with respect to Xq, denoted by d^gX, is defined as the set of all geodesic 
rays issuing from xq. Then the topology on X U d^t^X is defined by the 
following conditions: 

(1) X is an open subspace of X U dx^X. 

(2) For a G 4„X and R,e> 0, let 

[/,.„(«; R,e) = {xeXU d^.X \ x ^ B{xo, R), d{a{R),UR)) < 4, 

where '■ [0, d{xo, x)] — > X is the geodesic from xq to x {^x = x 
if X G dxoX). Then for each eo > 0, the set 

is a neighborhood basis for a in X U dx^X. 

This is called the cone topology on XUdx^X. It is known that XUdx^X 
is a metrizable compactification of X (P, [3]). 
Here the following lemma is known. 

Lemma 2.1. Let X be a proper CAT(O) space and let xq G X. For 

a G dxgX and R,e > 0, let 

U'^^{a;R,e) = {x G X U S^^X | x ^ B{xo,R), d{a{R),lmQ < e}, 

where ^x '■ [0,(i(xo,x)] ^ X is the geodesic from xq to x (^x = x if 
X G dxiyX). Then for each eg > 0, the set 

{U',^{a;R,eo)\R>0} 

is also a neighborhood basis for a in X U dx^X . 
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Let X be a proper CAT(O) space. The asymptotic relation is an 
equivalence relation in the set of all geodesic rays in X. The boundary 
of X, denoted by dX, is defined as the set of asymptotic equivalence 
classes of geodesic rays. The equivalence class of a geodesic ray ^ is 
denoted by (^(cc). For each xq E X and each a G dX, there exists a 
unique element ^ G dx^X with ^(oo) = a. Thus we may identify dX 
with dx^X for each xq G X (P, [3]). 

3. Proof of the theorem 
We prove Theorem ll.il 

Proof of Theorem \l. 11 Let X be a proper and almost extendible 
CAT(O) space, let 7 be a hyperbolic isometry of X and let r be a 
reflection of X such that 

(1) 7~ ^ dFr, 

(2) 'jidFr) C dFr and 

(3) Min(7) n = 0. 

Since X is almost extendible, there exists a constant M > such that 
for each pair of points x,y E X, there is a geodesic ray ( : [0, 00) — > X 
such that C(0) = x and C passes within M of y. By (1), 7°° ^ SF^. 
Since dFj. is a closed set in dX, there exist R > and e > such that 
f/^^(7°°; i?, e) n = by Lemma O 

Let Xq G Min(7) and let ^ : [0, 00) ^ X he the geodesic ray in X 
such that ^(0) = xq and ^(c)o) = 7°°. Then Im(^ C Min(7). Since 
Min(7) n F, = by (3) and ^(00) = 7°° ^ dFr by (1), there exists a 
number K > such that d{^{K),Fr) > M. Let N = d{xo,rxo). For 
an enough large number zq G N, 

f/:j7-; ^o|7|, iV + + M) C f/:j7°°; R, e). 

We prove that U'^^{'y°°; i|7|, X + K + M) fl dX is not connected for 
any zq < i G N. This implies that dX is not locally connected, because 
{t/^g(7°°;z|7|,X + K + M)naX|z G N, z > zq} is a neighborhood basis 
of 7°° in dX. 

Let z G N such that z > Zq. Then 7V7~* is a reflection of X and 
F^ir^-i = YFr. Here by (3), 

F^.,^-. n Min(7) = YFr n f Min(7) = f (F, n Min(7)) = 0. 

Let X \ F^iy.^~i = X^ U X-^, where X^ and X^" are convex connected 
components, and xq G X^. We consider the geodesic ray 7V^ such that 
7V^(0) = Yrxo and 7V^(oo) = yrj"^. Since G X^^, Im^ C X^^ 
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and ImYr^ C . Hence 7V^(ir) G X- . Here 



d{Yrxo,YrC{K)) = d{xo,^{K)) = K and 

d(y<(K),7VF,) = d{^{K),Fr) > M. 

By the definition of tlie number M, there exists a geodesic ray Q : 
[0, oo) X such that Ci{0) = xq and Q passes within M of Yr^{K). 
Since (i(7V^(fs:), YrF^) > M, Ci(oo) e SX". Because if 0(oo) G 
(9X \ dXr = d{X^ U 7*F^) then Im C X+ U fFr, since X+ U fFr is 
convex and Cj(0) = G X^^. Then 

c?(f xo,ImO) < d{Yxo,-^'rxo) + d{-r'rxo,'y'r^{K)) + d{Yr^{K),lmCi) 
< d{xo, rxo) + d{xo, ^{K)) + M 
= N + K + M. 

We note that C,{oo) = 7°° and Yxq = since Xq G Min(7). Hence 

QeK^{^^;z\^\,N + K + M). 

Now we show that there does not exist a path from 7°° to Ci{oo) in 
f^xo(7°°; ^l7l' ^ + K + M)r\dX. Since 7°° G dX+ and Ci(oo) G aX", 
such pass must intersect with dF^i^^-i. Here 

aF^V7- = d{-i'Fr) = i\dFr) C dFr, 
by (2). We note that Ul^{-i^] R, e) n = and 

Koi^^; thlN + K + M)c t/^„(7°°; ^oItI, + ^ + M) 

C^;(7°°;i?,e). 

Hence 

t/;^^(7~;z|7|,X + i^ + M)naF^,,^-. =0. 

Thus there does not exist a path between 7°° and Ci{oo) in 
U',,{l°°;ih\,N + K + M)ndX. 

Therefore dX is not locally connected. □ 

4. Remark 

Every CAT(O) space on which some group acts geometrically (i.e. 
properly and cocompactly by isometrics) is proper p. 132]) and 
almost extendible ([El)- 

In [H], Ruane has proved that dMm{'j) is the fixed-points set of 7 in 
dX, i.e., 

dMm{'y) = {a E dX \ 7a = a}. 

Hence, for example, if dFr C 5Min(7) then -jldFr) = dFr and the 
condition (2) in Theorem 11.11 holds. 
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A Coxeter system {W, S) defines a Davis complex T,{W,S) which is 
a CAT(O) space (j2] and [7]). Then the Coxeter group W acts geomet- 
rically on T,{W, S) and each s G is a refiection of T,(W, S). 

For example, as an application of Theorem 11.11 we can obtain the 
following corollary. 

Corollary 4.1. Let {W, S) be a right-angled Coxeter system and let 
T,(W, S) be the Davis complex of (W,S). Suppose that there exist 
So,Si,Uo G S such that 

(1) o(sosi) = oo, 

(2) o^sqUq) = oo and 

(3) Sot = tso and Sit = tsi for each t E T, 

where T = {t & S \ tuo = uot} and T is the subset of S such that Wf 
is the minimum parabolic subgroup of finite index in Wt- Then the 
boundary 9E(PF, S) is not locally connected. 

Proof. Let 7 = SqSi and r = Uq. Then 7 is a hyperbolic isometry of 
T.{W,S) by (1), r is a refiection of ^{W,S) and dFr = dJ:{Wf,f). 
Here by (3), 

-f{dFr) = {soSi)dE{Wf,f) = dE{Wf,f) = dFr. 

Also 

7°° = (sosir ^ dE{Wf,f) = dFr, 
and Min(7) fl = by (2). Thus the conditions in Theorem 11.11 hold, 
and 9E(VF, S) is not locally connected. □ 

Corollary 14.11 is a special case of Theorem 3.2 in jE]. We can also 
obtain Corollary 14. II from Theorem 3.2 in |6jj. 
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